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This article describes a mathematical model for calculating cryoprecipitate 
thickness and density as desublimation parameters vary in a complex manner 
with time. Numerical results are given for the density distribution within 
a cryoprecipitate. 

This paper proposes an unsteady-state mathematical model for cryoprecipitate forma- 
tion on a chilled surface. The physical processes that take place in a cryoprecipitate 
layer are quite complex. They cannot be described in detail at the present level of re- 
search. Our model is therefore based on physical premises widely utilized in studies by 
various authors: i) cryoprecipitate consolidation results from molecular diffusion of an 
impurity in the gas phase; 2) the impurity vapor is in thermodynamic equilibrium with the 
crystals within the cryoprecipitate, i.e., we assume ideal heat and mass transfer within 
the cryoprecipitate and an infinitesimal concentration relaxation time in the gas phase; 
3) the portion of the impurity mass flux to the surface that is unable to diffuse into 
the cryoprecipitate goes to increase the layer thickness. 

Thus, a mathematical model based on these assumptions was proposed in [i], and an 
analytic solution was obtained under the following assumptions: i) absence of any density 
gradient within the cryoprecipitate; 2) a constant temperature gradient within it; 3) con- 
stancy of its surface temperature with time. 

Absence of a density gradient within the cryoprecipitate was assumed in [2], and the 
temperature field over its thickness was described by a parabolic relation. The density 
and thickness were calculated by numerical methods. 

The Soviet literature includes [3], in which the ice density was assumed to decrease 
from the chilled wall toward the precipitate surface by a linear rule. 

The temperature and density distributions within the cryoprecipitate are calculated 
in our model by joint solution of the one-dimensional quasi-steady-state diffusion equa- 
tion and the one-dimensional unsteady-state heat conduction equation. 

As in [2], the expression for the impurity diffusion flux within the cryoprecipitate 
is defined as 

J=--Fc~-~ ,  where T = ( 1  Pro. cD ( dys ) 
9c ] 1--P~im,~P- m \ dT 7=r c" Pice 

(1) 

Here and in the sequel, the y-axis coincides with the outward normal to the cryoprecipitate 
surface. The diffusion equation can then be written in the form 

0 (~ aTe)__ IIc 
o v  ,, o v  ,, - F--7- &" ( 2 )  

The heat conduction equation for the cryoprecipitate in the case under consideration 
has the form 

o (3) 
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with the boundary conditions 
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where the relation for the impurity flow toward the surface conforms to the recommendations 
of [4]. Substituting the expressions for the impurity fluxes from (1)-(2) into Eq. (3) and 
boundary conditions (4)-(5) gives us the equation for determining the temperature field: 
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That portion of the impurity which desublimates at the cryoprecipitate surface goes 
to increase its thickness [2]: 

dh MimPm ( Pm -- Pim,~ 
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The impurity that desublimates within the cryoprecipitate zncreases its density: 

and 
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( i i )  

where Ay is the thickness of the ice film on the wall. 

System of equations (6), (9), (i0), and (ii) with boundary conditions (7)-(8) must be 
supplemented by uniqueness conditions: i) the equations of state for the gas mixture and 
the saturated vapor over a crystal; 2) the relationship for computing the heat and mass 
transfer coefficients; 3) the thermophysical properties of the atmosphere. 

The resultant system of differential equations is solved by the finite difference 
method, utilizing an implicit four-point scheme and process separation. 

The mathematical model was tested with the experimental data of [5] on the freezing 
out of carbon dioxide from a carbon dioxide-nitrogen mixture onto a chilled plate, under 
the following conditions: 

I. The equation of state was that for an ideal gas. 

2. The saturated vapor pressure over a crystal was determined from the relationships 
[6] 
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Fig. I. Increase in cryogenic thickness (a) and 
change in average density (b) with time. i) From 
empirical relationships of [8]; 2) calculations 
made with model having linear approximation of 
temperature profile within cryoprecipitate and 
neglecting density gradient; 3) calculations made 
with our model; 4) calculations made with model 
of [2]. Wall temperature was lowered from 148 
to 98 K after 7200 sec. 
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Fig. 2. Characteristic density distri- 
bution within cryoprecipitate at mixture 
temperature of: i) 140; 2) ii0; 3) 155 K. 

Ps!= I33.322.10 (-1368/T§ when T/> 140 K; 

Psi= 133,322-10 (-1275'6/T'~O'OO683T-~8,307) when T <  140 K. 
(i2) 

3, The heat and mass transfer coefficients were calculated from the empirical relation- 
ships [7] 

Nu = 0,273 Re ~ Pr ~ , 

NuD = 0,288Re ~ Prg '37 

(13) 

(14) 

4. The effective coefficient of thermal conductivity was determined with the general- 
ized relationship obtained for a porous substance in [8] by analysis of structural models. 
The proposed relation assures an error of about 15% for a porosity of 20-80%. The relation- 
ship for the case under consideration took the form 
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The dependence of thermal conductivity on temperature for crystalline carbon dioxide was 
obtained by approximating the data of [9] (the error was no more than 5%): 

;~i~= o,6 (153/T~). ( i8) 

Use of theoretical relationships (15)-(18) in place of the experimental data of [7] altered 
the results yielded by the cryoprecipitate thickness and density calculations by no more 
than 5%. 

5. The diffusion coefficient was determined as a function of temperature by the 
method of [i0]. 

6. It is necessary to specify the cryoprecipitate density at the surface in order to 
make calculations with the proposed model. There are few experimental data on this param- 
eter, and we therefore made preliminary computations with different densities for a broad 
range of process parameters. It was established that, for average cryoprecipitate densi- 
ties of more than 0.2pice , variation of the initial density from 0.2Pc to 0.gp c changed 
the calculated values by no more than 5%. We assumed Ps = 0.59c for the calculations. 

The initial cryoprecipitate density and thickness were assumed to be Pc(0) = I00 kg/m 3 
and h(O) = i0 -~ m. A further decrease in these parameters did not lead to any perceptible 
change in the calculated results but required a larger amount of computer time. 

The computational results for various models were compared with the experimental data 
of [5] under the following conditions: a mixture temperature of 193 K, wall temperatures 
of 148 and 98 K, mixture flow velocities of 0.5 m/sec, and an impurity partial pressure 
of 4350 Pa (Fig. i). When the wall temperature was constant, the calculated results were 
in qualitative agreement with the experimental data. A sharp change in wall temperature 
(as is characteristic when cryogenic equipment departs from normal operating conditions) 
causes substantial nonuniformity of cryoprecipitate density, which should be manifested 
in a smooth transition in the corresponding experimental curve. Of the three models con- 
sidered, only ours provided a qualitatively correct description of this process. 

Figure 2 shows the density distribution over the cryoprecipitate thickness for dif- 
ferent desublimation conditions. Curve 1 was characteristic of moderate supercooling. 
The increased cryoprecipitate density near the wall was responsible for the lengthy dura- 
tion of the process and the high temperature gradient during its initial stage. The 
maximum near the cryoprecipitate surface was produced by the high diffusion flux densi- 
ties resulting from the high temperatures (saturated vapor pressure and impurity diffusion 
coefficient). The saturated vapor pressure of the impurity was small at low wall temper- 
atures (curve 2), so that the impurity partial pressure gradient was small even in the 
presence of large temperature gradients and diffusion was impeded. There was no cryoprecip- 
itate density maximum near the chilled wall in this case. No density maximum occurred near 
the cryoprecipitate surface when degree of supercooling was low (curve 3). Qualitatively 
similar density profiles for cryoprecipitates were observed in [11, 12]. 

CONCLUSIONS 

i. An unsteady-state mathematical model and a computation algorithm have been pro- 
posed for cryoprecipitate formation, with allowance for the nonuniformity of density over 
the cryoprecipitate thickness as desublimation conditions undergo complex variation with 
time. Relationships have been derived for determining effective cryoprecipitate thermal 
conductivity. Satisfactory agreement was obtained with experimental data. 
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2. Calculation of the density distribution within a cryoprecipitate has shown that 
a density maximum occurs at the wall or near the cryoprecipitate surface, depending on 
process conditions. The two maxima can be simultaneously present, or the density distri- 
bution can be almost uniform. These calculations make it possible to explain the discrep- 
ancy in the results of different experimental studies of the density distribution within 
cryoprecipitates. 

NOTATION 

c) Specific heat capacity; D) impurity diffusion coefficient; F) cross-sectional area; 
h) cryoprecipitate thickness; j) density of impurity flux from solid crystals into gas mix- 
ture; J) impurity flux; Nu) Nusselt number; P) pressure; Pr) Prandtl number; r) heat of 
sublimation; Re) Reynolds number; t) time; T) temperature; y) coordinate on axis coinciding 
with outward normal to wall; ~) heat transfer coefficient; B) mass transfer coefficient; 
~) impurity mass fraction; k) coefficient of thermal conductivity; K)heat and mass trans- 
fer perimeter; p) density. Indices: D) diffusion; c) cryoprecipitate; sat saturation;f) 
flux; im) impurity; w) wall; m) mixture; ice) crystals; s) cryoprecipitate surface. An 
overscore indicates averaging over coordinate. 
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